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Abstract
In this paper, we explore general relationships among negations, convex Archime-
dean nilpotent t-norms, and automorphisms of the unit interval I. Each nilpotent
t-norm has a (strong) negation naturally associated with it, namely,
g4x 
Wfy 2 0; 1 : x4 y  0g. The same negation is determined by the formula
g4x  f ÿ1f 0=f x where f is a (multiplicative) generating function for the t-norm
4. A system I;4;O;  is called de Morgan if xOy  x 4 y; Stone if x4 y  0 if
and only if y6 x, and xOx  1; and Boolean if it is both de Morgan and Stone.
A system is shown to be Boolean if and only if   g4 and xOy  g4g4x 4 g4y.
We also look at de Morgan, weak Boolean and Stone systems on the lattice I2 
fx; y 2 I I : x6 yg and compare properties of related systems on I and on
I2. Ó 1999 Elsevier Science Inc. All rights reserved.
Keywords: Negation; Nilpotent t-norm; de Morgan system; Boolean system; Stone
system
1. Introduction
Logical connectives on fuzzy sets arise from those on the algebra of truth
values, which is often taken to be either the unit interval or the lattice of
subintervals of the unit interval. In earlier papers [1,2] we considered de
Morgan systems that occur in this setting, focussing primarily on de Morgan
systems with strict t-norms. Here we turn our attention to negations and
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nilpotent t-norms, and consider Boolean, de Morgan, and Stone systems on the
bounded lattice I  0; 1; 6 ; 0; 1 and on the bounded lattice I2 
0; 12; 6 ; 0; 1 of intervals, where 0; 12  fx; y 2 0; 1 : x6 yg and
a; b6 c; d if and only if a6 c and b6 d.
This study was motivated by the fact that if f is a multiplicative generator of
a convex, Archimedean nilpotent t-norm, then f ÿ1f 0=f x is a negation.
This natural connection between nilpotent t-norms and negations gives rise to
special algebraic systems which we call Boolean systems, being reminiscent of
Boolean algebras. Thus the theory of de Morgan systems with nilpotent t-
norms is considerably dierent from that with strict t-norms, where there is no
naturally associated negation. Additional interest is spurred by the fact that the
negation associated with a nilpotent t-norm turns out to be the pseudocom-
plement with respect to that t-norm. The study of these phenomena and their
generalizations to the interval-valued case seemed to be of some interest and to
merit further study.
Definition 1. A commutative, associative binary operation 4 on I is a convex,
Archimedean t-norm if the following conditions hold:
1. 14 x  x for all x 2 0; 1 ;
2. the operation 4 is increasing in each variable, that is, if x, y, x1, y1 2 0; 1 
with x6 x1 and y6 y1, then x4 y6 x1 4 y1;
3. the operation 4 is Archimedean, that is, x4 x < x for all x 2 0; 1 ;
4. the operation4 is convex, that is, if x4 y6 c6 x1 4 y1, there is an r between
x and x1 and an s between y and y1 such that c  r4 s.
A commutative, associative binary operation 5 on I is a convex, Archime-
dean t-conorm if the following conditions hold:
1. 05 x  x for all x 2 0; 1 ;
2. the operation 5 is increasing in each variable;
3. the operation 5 is Archimedean;
4. the operation 5 is convex.
Remark 2. The condition of convexity for an operation I2 ! I is equivalent to
continuity of that binary operation in the usual topology on the unit interval.
The following definitions for t-norm and t-conorm were developed in Ref. [2].
Definition 3. A commutative, associative binary operation4 on I2 is a convex,
Archimedean t-norm if the following conditions hold:
1. 1; 1  4 x  x for all x 2 0; 1  2 ;
2. x4 y _ z   x4 y  _ x4 z  and x4 y ^ z   x4 y  ^ x4 z  for all
x; y; z 2 0; 1  2 ;
3. C 4 C  C, where C  fc; c : c 2 0; 1g; and
4. 0; 1 4 a; b  0; b for all a; b 2 0; 1  2 .
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A commutative, associative binary operation 5 on I2 is a convex, Ar-
chimedean t-conorm if the following conditions hold:
1. 0; 0  5 x  x for all x 2 0; 1  2 ;
2. x5 y ^ z   x5 y  ^ x5 z  and x5 y _ z   x5 y  _ x5 z  for all
x; y; z 2 0; 1 2;
3. C 5 C  C, where C  fc; c : c 2 0; 1g; and
4. 0; 1 5 a; b  a; 1 for all a; b 2 0; 1  2 .
Definition 4. For a lattice L, an order-preserving [order-reversing] function
L! L that is one-to-one and onto is an automorphism [respectively, anti-au-
tomorphism] of L. An anti-automorphism g of L satisfying g2  1 is called a
negation (or strong negation), or an involution. We will denote the set of all
automorphisms of L by Aut L and the set of all negations on L by Neg L.
In Ref. [2], we showed that every automorphism g of I2 is of the form
gx; y  f x; f y  for an automorphism f of I, and every anti-automorp-
hism g of I2 is of the form gx; y  f y; f x  for an anti-automorphism f of
I. In particular, every negation on I2 is of the form g x; y   b y ; b x   for b
a negation on I.
We denote the sets of all isomorphisms and anti-automorphisms of I and I2
by MapI and MapI2, respectively. Both of these sets are groups under
composition of maps and the relationship above preserves composition, i.e.
MapI  MapI2. Due to this isomorphism, many algebraic properties of
the systems are similar. The logics associated with the two systems are in-
trinsically dierent, however Refs. [3,5], and the de Morgan systems in these
two settings dier algebraically.
If 4 is a t-norm and g a negation on I, then it is well known that 5 defined
by
x5 y  ggx 4 gy
is a t-conorm. It is easy to see that this holds for I 2  as well.
Definition 5. Let L be either I or I 2 . If a t-norm 4, a t-conorm 5, and a
negation g satisfy the identity
x5 y  ggx 4 gy
for all x; y 2 L, then L;4;5; g is a de Morgan system, and the t-norm 4 and
the t-conorm 5 are said to be dual to one another via the negation g.
Definition 6. A t-norm 4 is nilpotent if for each x 2 0; 1 there exists a
positive integer n with x4 x4    4 x  0 (n factors). A t-conorm is nilpotent
if for each x 2 0; 1 there exists a positive integer n with x5 x5    5 x  1
(n factors).
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Remark 7. Throughout this paper, all t-norms and t-conorms are assumed to be
convex, Archimedean, and (unless specifically mentioned otherwise) nilpotent.
We will denote the set of all convex, Archimedean, nilpotent t-norms defined on I
and I2 by NilpI and NilpI2.
The form of many of the results of this paper depends on our somewhat
arbitrary choice of the Lukasiewicz t-norm, x N y  x y ÿ 1  _ 0, as a base
point for the set of nilpotent t-norms and the corresponding negation a, defined
by a x   1ÿ x, as a base point for the set of negations. Similar results hold for
any compatible pair of choices of negation and nilpotent t-norm, although the
notation is by far the simplest with the choice of a and N. These choices are
related to setting the scaling for the lattice I. The significance of these choices
will be explored in a later paper on ‘‘averaging operators’’.
The following plots depict the nilpotent t-norm x N y  x y ÿ 1  _ 0 and
the t-conorm x . y  x y  ^ 1 that is dual to N via the negation a. Figs. 1
and 2.
Fig. 1. x N y  x y ÿ 1 _ 0:
Fig. 2. x N y  x y ÿ 1 ^ 1.
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2. Nilpotent t-norms and negations on I
In Ref. [1] we looked at maps
NegI AutI : g 7! cg : x 7!
agx  x
2
AutI NegI : c 7! ac  cÿ1 ac 1
and showed that the composition
NegI AutI NegI : g 7! acg
is the identity map, inducing a one-to-one correspondence between NegI and
the set of right cosets of AutI modulo the centralizer Z a  of a. Note in
particular that the map AutI NegI is onto. We also looked at the map
from the set IsomI; Ia of bounded lattice isomorphisms to the set NilpI of
nilpotent t-norms
IsomI; Ia ! NilpI : f 7! 4f ;
where x4f y  f ÿ1 f xf y _ f 0  2
for a 2 0; 1, Ia  a; 1 ;_;^; a; 1 . This is well known to be a one-to-one
correspondence between the two sets (see Ref. [1]).
It is also generally known that isomorphisms I  Ia lead to negations. In
particular, given f 2 Isom I; Ia ,
gx  f ÿ1 f 0
f x
 
is a negation. In fact, the converse holds as well. It is straightforward to check
that f x   eÿg x a x =2 satisfies f g x   f 0 =f x . More generally, as a direct
consequence of the fact that the map AutI NegI is onto, every negation g
is of the form g  ac  cÿ1ac for some c 2 AutI. Let ux  exÿ1, and let
f  uc. Then uÿ1x  1 ln x and
f ÿ1
f 0
f x
 
 cÿ1 uÿ1 u c 0  
u c x  
  
 cÿ1 1 ln e
ÿ1
ec x ÿ1
  
 cÿ1 1ÿ c x    cÿ1ac x   acx:
Note that each isomorphism u 2 IsomI; Ia gives a one-to-one correspon-
dence
AutI ! IsomI; Ia : c 7! f  uc:
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Each such u gives a representation for a negation of the form
auÿ1f x   f ÿ1uauÿ1f x
that can be specialized not only to the above case but to others by making
dierent choices for u. This is illustrated in the following examples.
Example 8. In the following, 06 x6 1, 0 < a < 1, and f is an isomorphism
I  Ia. For ux  a1ÿx,
auÿ1f x  f ÿ1uauÿ1f x  f ÿ1
f 0
f x
 
:
For ux  1ÿ a x a,
auÿ1f x  f ÿ1uauÿ1f x  f ÿ1 1ÿ f x  f 0  :
For ux  1ÿ a x2  a
auÿ1f x  f ÿ1uauÿ1f x
 f ÿ1 1 f x ÿ f 0   2

f x ÿ f 0f x ÿ f 0  f 02
q 
:
A nilpotent (convex, Archimedean) t-norm is continuous and distributes
over infinite meets and joins. We use these facts in the proof of the following
theorem which reveals an important direct connection between nilpotent t-
norms and negations.
Theorem 9. A nilpotent t-norm 4 on I determines a negation g4 by the equation
g4 x  
_
y 2 0; 1  : x4 y  0f g:
Proof. Since 04 y  0 for all y, g4 0   1; and since 14 y  y for all y,
g4 1   0. If x16 x2 then x1 4 y6 x2 4 y, so that g4 x1 P g4 x2 . Now
x4 g4x  x4
_
y 2 0; 1  : x4 y  0f g
 

_
x4 y 2 0; 1 : x4 y  0f g
 
 0
showing that
x6 g4 g4 x  :
To see that x  g4 g4 x  , we use the fact that 4  4f for some isomorphism
f : 0; 1  ! f 0; 1  with 0 < f 0 < 1. Then
0  x4 g4 x   f ÿ1 f xf g4 x   _ f 0 
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implies f xf g4 x  6 f 0. If y > g4 x  then x4 y > 0 from which it follows
that f xf y  > f 0. From the convexity of 4, we know that the function f
is continuous, and thus that f xf g4 x    f 0. Now if y > x,
f yf g4 x   > f xf g4 x    f 0. It follows that
y 4 g4x  f ÿ1 f yf g4 x   _ f 0   f ÿ1 f yf g4 x    > 0
and thus that
x 
_
y 2 0; 1 : y 4 g4x  0f g  g4 g4x : 
Definition 10. If4 is a binary operation on a lattice L with 0, an element x in L
is the 4-pseudocomplement of an element x if x4 y  0 exactly when y6 x.
Theorem 9 says that for any nilpotent t-norm 4 on I, the function g4 that
gives the 4-pseudocomplement g4 x  is a (strong) negation. It is easy to see
that a t-norm4 must be nilpotent in order for g4 to be a negation. As we shall
soon see, every negation is the 4-pseudocomplement of some nilpotent t-norm
4. This will give two ways to represent negations – as ac  cÿ1ac for auto-
morphisms c of I (or more generally, as gc  cÿ1gc for fixed g), and as the
4-pseudocomplement g4 of a nilpotent t-norm 4. In order to show the
connection between these two kinds of representations, we first look at a
representation of nilpotent t-norms in terms of automorphisms of I.
In Ref. [1] we showed that any two nilpotent t-norms  and 4 determine
isomorphic algebras I;   and I;4  – that is, there is an automorphism c of I
such that c x  y   c x  4 c y  for all x; y 2 I. Moreover, given any convex,
Archimedean, nilpotent t-norm 4, and any automorphism c of I, the binary
operation 4c defined by x4c y  cÿ1 c x  4 c y   is again a convex, Ar-
chimedean, nilpotent t-norm.
Example 11. Take the t-norm x N y  x y ÿ 1  _ 0. Then for any auto-
morphism c of I, the binary operation
x Nc y  cÿ1 cx  cy ÿ 1  _ 0 
is a convex, Archimedean, nilpotent t-norm. It follows from comments above
that every convex, Archimedean, nilpotent t-norm is of this form for some
automorphism c of I.
For any 0 < a < 1, taking an arbitrary u; f 2 Isom I; Ia  and taking x N y 
x y ÿ 1  _ 0 gives a representation for a nilpotent t-norm of the form
x Nuÿ1f y  f ÿ1u uÿ1f x  uÿ1f y ÿ 1
ÿ  _ uÿ1f 0 ÿ 
that can be specialized to familiar representations by making dierent choices
for u. Three such choices are illustrated in the following example.
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Example 12. In the following, 0 < a < 1, 06 x6 1, f is an isomorphism I  Ia,
and x N y  x y ÿ 1  _ 0. For ux  a1ÿx,
x Nuÿ1f y  f ÿ1 f x f y  _ f 0  
For ux  1ÿ a x a,
x Nuÿ1f y  f ÿ1 f x   f y  ÿ 1  _ f 0  
For ux  1ÿ a x2  a
x Nuÿ1f y  f ÿ1f x   f y  2

f x  ÿ a  1ÿ a 
p


f y ÿ a 1ÿ a 
p
ÿ

f x ÿ af y ÿ a
p
  1ÿ 2a _ f 0:
We can now show the connection between the representations gc
(c 2 Aut I ) and g4 (4 2 Nilp I ) for negations.
Theorem 13. Choose any nilpotent t-norm  for a base point for Nilp I  and let
g be the -pseudocomplement. Then for each c 2 Aut I 
g c  gc :
Proof. Recall that g c  cÿ1gc, x c y  cÿ1 cx  cy  and gc x  W
y : x c y  0
 	
. The equivalence of the following items is a direct conse-
quence of the properties of c as an isomorphism and the definitions of c and
g:
x c y  0;
cÿ1 cx  cy    0;
cx  cy  0;
cy6 g cx ;
cÿ1 cy 6 cÿ1 g cx  ;
y6 cÿ1gcx  g c x :
It follows that
g c x  
_
y : x c y  0
 	  gc x :
Thus g c  gc : 
This result is illustrated in the following examples.
Example 14. For ux  axÿ1,
gN uÿ1f x   f ÿ1
f 0
f x
 

_
y 2 0; 1  : f ÿ1 f xf y _ f 0   0 	  gNuÿ1f x 
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and for ux  1ÿ a x a,
gN uÿ1f x   f ÿ1 1ÿ f x  f 0  

_
y 2 0; 1  : f ÿ1 f x  f y ÿ 1  _ f 0   0 	
 gNuÿ1f x :
Representations of negations and nilpotent t-conorms are dual to those for
t-norms.
Example 15. In the following, 0 < a < 1, 06 x6 1, g is an anti-isomorphism
I  Ia, and x . y  x y  ^ 1. For wx  aÿx,
g.wÿ1gx  gÿ1
g1
gx
 

^
y 2 0; 1  : x .wÿ1g y  1
n o
 g.
wÿ1g
x
and
x .wÿ1g y  gÿ1 g x g y  _ g 1  :
For wx  aÿ 1 x 1,
g.wÿ1gx  gÿ1 1ÿ g x   a  
^
y 2 0; 1 : x .wÿ1g y  1
n o
 g.
wÿ1g
x
and
x .wÿ1g y  gÿ1 g x   g y  ÿ 1  _ g 1  :
3. The group of nilpotent t-norms on I
For each  2 NilpI, the map AutI ! NilpI : c 7! c where x c y 
cÿ1 cx  cy  gives a one-to-one correspondence between the set of auto-
morphisms of I and the set of nilpotent t-norms. If g is taken as base point for
Neg I , two dierent automorphisms r and c of I determine the same negation
exactly when rcÿ1 is in the centralizer Z g  of g, where Z g  
r 2 Aut I  : rg  grf g. The corresponding condition for nilpotent t-norms
says that r and c determine the same negation exactly when rcÿ1 is in the
centralizer of g.
This is summarized in the following commutative diagram.
Z g  

AutI 

NegI
l l k
Nilp I 

NilpI 

NegI;
3
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where the vertical maps are one-to-one and onto, and
Nilp I   4 2 Nilp I  : g4  gf g:
These sequences ‘‘split’’ – that is, for the maps AutI ! Z g  : c 7! gcg 
c=2 and Neg I  ! AutI : g 7! g : x 7! g g x    x=2, the compositions
Z g   AutI ! Z g  and Neg I  ! AutI Neg I  are the identity maps
(see Ref. [1] for details). This does not split AutI as a direct product of two
subgroups, however, since Z g  is not a normal subgroup for any .
Example 16. The one-to-one correspondence
Aut I  ! Nilp I  : c 7! Nc : x Nc y  cÿ1 cx  cy ÿ 1  _ 0 
endows the set of nilpotent t-norms with a group structure under the operation
Nc  Nd  Ncd. The subgroup corresponding to the group R of nonnegative
reals is the one-parameter family of t-norms
x Nr y 

xr  yr ÿ 1  _ 0r
p
for r > 0.
4. Stone and Boolean systems
The lattices I or I2 with the additional operations provided by a t-norm, t-
conorm, and negation or other unary operation can satisfy properties remi-
niscent of axioms for de Morgan, Stone and Boolean algebras, and we name
certain systems accordingly.
Definition 17. Let L be either the lattice I or I 2  with t-norm 4, t-conorm 5,
and a decreasing unary operation . We say that L;4;5;   is a Stone system
if  is a 4-pseudocomplement – that is:
x4 y  0 if and only if y6 x
and if  also satisfies the identity
x 5 x  1
for all elements x in the lattice. (In this case,  is a 4;5-complement on its
image – that is, x4 x  0 and x5 x  1 for x in the image of ). We say that
L;4;5;   is a weak Boolean system if  is a 4-pseudocomplement, and
x4 y   x 5 y and x5 y  x 4 y for all x; y 2 L. We call L;4;5;   a
Boolean system if it is both a Stone system and a de Morgan system.
Remark 18. The preceding definition applies to strict t-norms and t-conorms as
well as to nilpotent ones, but the situation there is relatively trivial. If4 is a strict
t-norm, then the 4-pseudocomplement is given by 04  1 and x4  0 for x 6 0,
146 M. Gehrke et al. / Internat. J. Approx. Reason. 21 (1999) 137–155
and for any t-conorm 5, L;4;5; 4 is a Stone system. Note that the image of
4 is the two-element Boolean algebra, and on this image, 4  ^,5  _ and 4
is the complement. Since this4-pseudocomplement is not a negation, there are no
Boolean systems with a strict t-norm.
It is well known that a convex, Archimedean t-norm 4 on I is nilpotent ex-
actly when there is a pair x; y 2 0; 1 with x4 y  0, and a convex, Archimedean
t-conorm 5 on I is nilpotent exactly when there is a pair x; y 2 0; 1 with
x5 y  1. This leads to the following necessary condition when  is continuous.
Theorem 19. If I;4;5;  is a Stone system in which  is continuous, then both
4 and 5 are nilpotent.
Proof. Let a  W x : x  0f g and b  V x : x  1f g. Then by continuity,
a  0 and b  1. Also 06 a < b6 1. Let a < x < b. Then x; x; x 2 0; 1,
so x4 x  0 implies that 4 is nilpotent, and x 5 x  1 implies that 5 is
nilpotent. 
Theorem 9 established that for a nilpotent t-norm 4, the 4-pseudocom-
plement
g4 x  
_
y 2 0; 1  : x4 y  0f g
is a negation. If g is any negation on I or I 2  and x4 gx  0, then the dual to
4 via the negation g satisfies
x5 gx  ggx 4 ggx  ggx 4 x  g0  1:
This yields the following theorems.
Theorem 20. If 4 is a nilpotent t-norm, then I;4;5;   is a Boolean system if
and only if   g4 and x5 y  g4g4x 4 g4y:
Theorem 21. If4 is a nilpotent t-norm, then I;4;5;   is a Stone system if and
only if   g4 and for all x,
g4 x P g5 x  
^
y 2 0; 1 : x5 y  1f g
If I;4;5;   is a Boolean system then equality holds (but this is not a sucient
condition since g5 does not determine 5).
In Ref. [1], we proved two basic facts about nilpotent convex Archimedean
t-norms: any two are equivalent – that is, any two algebras I;4  are isom-
orphic, and each has a trivial automorphism group Aut I;4 . These two facts
carry over immediately to Boolean systems, since the 4-pseudocomplement
and the dual t-conorm are both naturally determined by 4.
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Example 22. The Boolean systems corresponding to the positive reals in the
group NilpI with base point N are of the form I;Nr; gNr ;.r with
x Nr y  xr  yr ÿ 1 _ 0 
1
r
gNr  1ÿ xr 1=r
x .r y  xr  yr 
1
r ^ 1
Fig. 3. 1ÿ x1=3:
Fig. 5. x3  y31=3 ^ 1:
Fig. 4. x3  y3 ÿ 1 _ 01=3:
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(Figs. 3–5). The one-parameter family Nr of t-norms is well-known, and these
t-norms are often paired with their duals relative to a. Members of the one-
parameter family .r of t-conorms are known as Yager t-conorms, the Yager
t-norms being their duals relative to a.
Given a nilpotent t-norm there is exactly one Boolean system with this t-
norm. Given a negation g, however, it follows from the commutative diagram
(3) that the number of nilpotent t-norms 4 such that g  g4 is the same as the
number of automorphisms in the centralizer of g4, which tells us how many
dierent Boolean systems exist with a given g as the negation. Before making
this count, we look at some specific examples of dierent Boolean systems
having the same negation.
The functions of the form
gk x  
1ÿ x
1 kx
for k > ÿ1 comprise a well-known family of negations, called Sugeno nega-
tions. In Section 2, we noted that g x   f ÿ1 f 0 =f x   for the exponential
function
f x  exp ÿ g x   a x 
2
 
:
In particular, the Sugeno negations are obtained using the functions
fk x   exp ÿ 1 x  2 kx 
2 1 kx 
 
:
The Sugeno negations are also generated by linear functions. For example,
gkx 
hÿ1k
hk0
hkx
 
if k > 0;
hÿ1k
h1
hx
 
if ÿ 1 < k < 0;
8><>:
where
hkx 
kx1
k1 if k > 0;
kx 1 if ÿ 1 < k < 0:

The two functions fk and hk generate dierent nilpotent t-norms, both of which
induce the same Sugeno negation gk. To see this, we look at automorphisms ck
and rk of I that generate the same t-norms and negations as fk and hk. Taking
u x   fk0 1ÿx and ux  hk0 1ÿx in these two cases, gives the auto-
morphisms
ckx 
2 k kxx
21 kx for k > ÿ1
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and
rkx 
ln 1kx 
ln 1k  if 0 < k
1 ln 1kx 
ln 1k  if ÿ 1 < k < 0
8<:
and the corresponding t-norms
x Nr
k
y  kxy  x y ÿ 1
1 k _ 0 and x Nck y 
pkx; y 

qkx; y
p
2k1 kx1 ky _ 0;
where
pkx; y  ÿ2k2y ÿ 3kÿ k3xy ÿ 2k2x 2k2xy  k3x2y  k2x2
 k2y2  k3xy2 ÿ 2
and
qkx; y  4 42x 2y  1k 8x2  24xy  8y2 ÿ 4xÿ 4y  9
ÿ 
k2
 2 2x3  14x2y  14xy2  2y3 ÿ 5x2 ÿ 12xy ÿ 5y2  6x 6yÿ k3
 x4  12x3y  30x2y2  12xy3  y4 ÿ 4x3 ÿ 22x2yÿ
ÿ 22xy2 ÿ 4y3  4x2  14xy  4y2k4
 2xy x y  x2  4xy  y2 ÿ 3xÿ 3y  2ÿ k5  x2y2 x y ÿ 1 2k6
As evidence that these two t-norms are not the same, we give a plot of their
dierence for k  2 (Fig. 9).
This gives two dierent Boolean systems I;Nck ; gk;.ck
ÿ 
and I;Nrk ; gk;.rk
for each k. The Sugeno negation g2 x , which the two t-norms have in common
as
Wfy : x4 y  0g, can be observed in the two t-norm plots (Figs. 6–8) as the
boundary of the zero set.
To establish the size of the centralizer of a negation, we consider the fol-
lowing (where we assume a as the base point for the set of negations). Two
dierent automorphisms r and c of I determine the same negation bÿ1ab 
cÿ1ac exactly when rcÿ1 is in the centralizer of a. The corresponding condition
for isomorphisms f  uc; h  ur : I! Ia is that fgÿ1 2 Z uauÿ1 , where
Z uauÿ1  denotes the centralizer of uauÿ1 in AutIa. Pick a 2 0; 1, and let
ux  a1ÿx. Then uauÿ1x  a=x. It is easy to check that the maps in the
centralizer of uauÿ1 are exactly the set
Z uauÿ1
ÿ   s 2 AutIa : s ax   asx for all x 2 a; 1
 
:
This subgroup of Aut Ia  is isomorphic to the group Aut a; ap   under
the restriction map. To see this, observe that if sa=xsx  a then
sa= ap s ap   s ap  2  a, so that s ap   ap . This gives a map
q : Z uauÿ1  ! Aut a; ap   with qs the automorphism obtained from s by
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Fig. 6. g2x  1ÿ x=1 2x:
Fig. 7. x Nc2 y:
Fig. 8. x Nr2 y:
Fig. 9. x Nc2 y ÿ x Nr2 y:
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restricting the domain of s to a;

a
p . The map q is clearly a monomorphism
since each s is completely determined by its behavior on a;

a
p . To see that q is
onto, let k : a;

a
p  ! a; ap  be any order isomorphism. Define sk : a; 1  !
a; 1 by
skx 
kx if a6 x6 ap ;
a
ka=x if

a
p 6 x6 1:
(
It is easy to check that sk 2 Z uauÿ1  and q sk   k, so the map q is onto and
hence is an isomorphism. Finally, observe that Z a  ! Z uauÿ1  : b 7! uÿ1bu
is one-to-one and onto. We conclude that Z a  has the power of the continuum
and, in particular, for each negation g there are the power of the continuum
dierent t-norms 4 having g as 4-pseudocomplement.
Corollary 23. For each negation g there are uncountably many Boolean systems
I;4; g;5 .
We now turn to systems on I 2 . In Ref. [2] we showed that convex, Ar-
chimedean t-norms 4 and t-conorms 5 on I2 are of the form
a; b 4 c; d  a  c; b  d and a; b 5 c; d  a}c; b}d 
where  is a t-norm on I and } is a t-conorm on I.
Lemma 24. Let 4 be a nilpotent t-norm on I2 and let  be the t-norm on I such
that a; b 4 c; d  a  c; b  d. Then the4-pseudocomplement of a; b in I2
is
a; b4  gb; gb ;
where gb is the -pseudocomplement of b in I.
Theorem 25. A nilpotent system I2;4;5;  is a Stone system if and only if
  4 and the 5-pseudocomplement defined by x5 
V
y 2 I 2  : x5 y  1 	
satisfies
b; b4 P b; b5
for all b; b 2 I2.
Proof. Suppose I2;4;5;  is a Stone system, with a; b 4 c; d 
a  c; b  d. Now a; b 4 c; d  0; 0 if and only if c; d6 a; b. But a 
c; b  d  0; 0 if and only if c6 ga and d 6 gb. Since c6 d and
g b 6 ga, this is equivalent to c; d 6 gb; gb . It follows that
a; b  g b ; gb   a; b4 . So   4.
Also
1; 1  b; b4 4 5 b; b4  b; b 5 b; b4 :
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Now b; b 5 c; d  1; 1 if and only if c; d P b; b5 , so b; b4 P b; b5 .
For the converse, it is easy to see that 4 is the pseudocomplement. Also
note that a; b 4  b; b4 for all a6 b. Assume that b; b4 P b; b 5 for all
b 2 0; 1 . Then
a; b4 4 5 a; b4  b; b 5 b; b4 P b; b  5 b; b 5  1; 1 :
This completes the proof. 
Note that 4 is not a negation, but is the unique 4-pseudocomplement for
I2, so in particular, a Stone system on I 2  is never Boolean.
Theorem 26. Suppose (I 2 ;4;5; ) is a Stone system, and let I; ;}; g  be the
system on I satisfying
a; b 4 c; d  a  c; b  d;
a; b 5 c; d  a } c; b } d;
a; b  gb; gb :
Then I; ;}; g  is a Stone system. Moreover, I2;4;5; 
ÿ 
is a weak Boolean
system if and only if the corresponding system I; ;}; g  is a Boolean system.
Proof. By Theorem 25, g is the -pseudocomplement for the nilpotent t-norm
 on I. Also
a; b 4  gb; gb P a; b 5  g}b; g}b
ÿ 
so gbP g}b for all b 2 I , so I; ;}; g  is a Stone system. Now for x; y 2
I 2 
x4 y   a; b 4 c; d   a  c; b  d  gb  d; gb  d 
and
x 5 y  a; b  5 c; d   gb; gb  5 gd; gd 
 gb } gd; gb } gd :
If I; ;}; g  is a Boolean system, then gb } gd  gb  d and
gb  gd  gb } d, so
x 5 y  gb } gd; gb } gd   gb  d; gb  d   x4 y 
x 4 y  gb  gd; gb  gd   gb } d; gb } d   x5 y :
On the other hand, if I 2 ;4;5; ÿ  is a weak Boolean system, then
gb } gd; gb}gd   x 5 y  x4 y   gb  d; gb  d :
Since g is a negation, this implies the system I; ;}; g  is a de Morgan sys-
tem, and hence a Boolean system. 
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Note that each nilpotent t-norm on I 2  determines a unique weak Boolean
system on I 2 . Note also that a Stone system on I 2  satisfying either of the two
conditions x 5 y  x4 y  or x 4 y  x5 y  satisfies both and thus is a
weak Boolean system.
Let I2;4;5;  be any Stone system on I2. The analogy with Stone al-
gebras is apparent in the following observations that are reminiscent of the
triple construction (see Ref. [4]). The image of  is the sublattice
c; c : c 2 0; 1f g which is isomorphic to I and is a Boolean system under the
induced operations. The kernel of  is the sublattice a; 1 : a 2 0; 1f g. Every
element of I2 is of the form a; b  c; 1 4 b; b since 0  b6 a6 1  b implies
a  c  b for some c.
5. Summary
Every convex, Archimedean nilpotent t-norm 4 is isomorphic to the Lu-
kasiewicz t-norm N, that is, for some automorphism c of the unit interval
I  0; 1 ; 6 , and all x; y 2 0; 1 ,
c x4 y   c x  N c y   c x   c y  ÿ 1  _ 0:
This isomorphism is unique, thus endowing the set of all nilpotent t-norms with
a group structure.
Each nilpotent t-norm 4 on I determines a negation g4 by the condition
g4x is maximal such that x4 g4x  0. This negation is also determined by
c, namely, g4  cÿ1ac where ax  1ÿ x, as well as by any multiplicative
generator f of the t-norm as f ÿ1f 0=f x. For any given negation g, there are
uncountably many nilpotent t-norms 4 such that g  g4.
The lattices I or I2 with the additional operations provided by a t-norm, t-
conorm, and negation or other unary operation can satisfy properties remi-
niscent of axioms for de Morgan, Stone and Boolean algebras, and we named
certain systems accordingly. We identified the Stone and Boolean systems
I;4;5;  over I – the Boolean systems turn out to be those isomorphic to the
de Morgan system I;N; a, known to generate the variety of MV-algebras. We
identified the Stone systems I2;4;5;  and showed there are no Boolean
systems on I2. Moreover, I2;4;5;  is a weak Boolean system if and only if
it induces a Boolean system on I.
The Boolean systems on I and Stone systems on I2 have special features as a
result of the interplay between the t-norm and the negation. In the literature, de
Morgan systems commonly have nilpotent t-norms paired with t-conorms that
are dual via 1ÿ x, even when 1ÿ x is not the negation naturally associated with
the t-norm. We suggest that, since the Boolean systems are natural in theory,
they may also be useful in applications.
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